To obtain a more precise value for the variance σ 2 of the joint probability distribution of a symplectic ensemble, we extend previous numerical evaluations of a power series. Our result σ 2 ≈ 0.1041 shows that the excellent approximation using the analytically-simple Wigner surmise fractionally overestimates this value. This behavior is important in establishing the trend of a generalization of the surmise to describe the terrace-width distribution on vicinal surfaces. We also obtain precise estimates of the skewness and the kurtosis of the exact distribution, as well as the related moments. The study of fluctuation phenomena has proved particularly rewarding because of their universal properties.
Beginning with the work of Wigner and of Dyson, 4 this field-associated with random matrix theory (RMT)-has now attained profound sophistication and has been applied to an astonishingly broad range of physical systems. In particular, formally exact solutions have been developed for the distribution of the nearest-neighbor level spacings of energy eigenstates of systems described by Hamiltonians with orthogonal, unitary, or symplectic symmetry.
As formulated in the Calogero-Sutherland (CS) model, 5, 6 there is a remarkable correspondence between these energy levels and the positions of fermions in one spatial dimension (1D) that interact with an inversesquare repulsive potential, so that the distribution of the separations between energy eigenvalues also describes the spacings (in the 1D space) between the fermions. This insight has led to further applications of the theory, many of which are described in excellent reviews.
1-3 A noteworthy example that is not covered is the terrace-width distribution (TWD) on a vicinal 7 surface. Steps traverse the surface without crossing, leading to the association of their configurations with the world lines of fermions evolving in 1D, with the inverse-square repulsions coming from steric and elastic effects. Some of us have explored the implications of this correspondence for several years.
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Of particular interest is the [normalized] probability density [(or joint probability distribution
(s)ds is the probability that the nearest-neighbor spacing lies between s and s+ds; s denotes the energy difference between adjacent levels or the distance between adjacent fermions, in either case divided by its average value.) The scale of s is set so that the mean of
According to the CS model,
where the dimensionless parameterÃ is proportional to the strength of the s −2 repulsion between levels/fermions/steps. The special cases β = 1, 2, 4 (orÃ = −1/4, 0, 2) correspond orthogonal, unitary, and symplectic ensembles, respectively. While most RMT studies focus on the first two cases, 2,16 the last is the most relevant to vicinal surfaces (though the unitary case of "free fermions" with just entropic repulsions is also germane 9 and much studied). It is well established that the exact solution for a symplectic ensemble can be well approximated by the Wigner surmise
From Eq. (1) we see that in principle β can take on arbitrary values. Moreover, the proportionality of P [β] (s) to s β at s 1 for values of β beyond the special cases has been rigorously established. 18, 19 In accounting for experimental data for vicinal surfaces, for whichÃ ranges from 0 to ∼10-20 (cf. The experimental TWD is typically characterized by just its width. Hence, it is important to determine precisely the variance σ 2 of P [4] . In the second edition of Mehta's authoritative classic, 1 the second moment (1 + σ 2 ) is listed 20 as 1.105. This value was disconcerting since we expected 15 the exact variance to be smaller than the variance 0.10447 of the Wigner surmise Eq. (2). (In the limit that β → ∞, the variance of a Wigner-like expression is 1% too large while for free fermions, β = 2, it is 1% too small, and for β = 1 it is over 4% too small. (Cf. Refs. 1,10,15, especially Table 2 of [15] .) Hence, we suspected 15 that a numerical imprecision led to a rounding error, so that the exact variance to 3 decimal places should be 0.104 rather than 0.105. While superficially minor, this difference is important in establishing the overall trend of the generalization of the Wigner surmise relative to the limited exact information available.
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In order to confirm our hypothesis, we needed to extend the earlier analysis by Dietz and Haake 23 (hereafter DH
which duly lists the second moment as 1.104. In this brief paper, we present the numerical data supporting our claim. In the process of this work, we also obtained the third and fourth moments, allowing us to compute the skewness and kurtosis of P [4] (s). Following DH we first write as a Taylor's series the probability E [4] (s) that a randomly chosen interval of size s contains no levels:
where
...
Terms with n ≤ 5 are enough to determine the first 62 coefficients P l , which are given in Table 1 . This table extends to l =62 the list given in DH to l =42. 24 There is a corresponding Taylor expansion for the probability density P [4] (s) = (d 2 /ds 2 )E [4] (s):
These Taylor coefficients P l are tabulated in 1 As our first approximant of the exact P [4] , we use the power series with the coefficients from Table 1 up to some crossover value of s, after which we use P as from Eq. (6). We select this crossover s as that value which produces both normalization and unit mean of the approximant. This value is s = 1.9187, with negligible change on the scale of ±0.0003. It is then straightforward to estimate µ 2 , µ 3 , and µ 4 , the second, third, and fourth moments, respectively. These are listed in Table 2 .
DH suggest that an improved approximant can be found by multiplying the asymptotic expression P as by a Padé interpolation expression, which has the particular advantage of removing the obvious singularity in Eq. (6) at s = 1/2π. For the Padé interpolant we used the expression in DH:
where x ≡ 2πs − 1. We began by using the values for ν m and ∆ m tabulated in DH (for l max = 42 in the Taylor expansion, and replaced the pure asymptotic expression by the version multiplied by the Padé interpolant above the crossover value of s, consistent with the procedure used by DH. 26 We found no change in the moments to 5 decimal places (though the optimal crossover value for s rose modestly to 1.9193, so did not pursue extending DH's tabulated values of ν m and ∆ m .
As listed in Table 2 , the variance of P [4] (s) is found to be σ 2 ≡ µ 2 − 1 = 0.1041. The third and fourth moments are measured to be µ 3 = 1.3241 and µ 4 = 1.7044, respectively. Our various checks indicate that all these digits are significant. One can also calculate the moments by directly using equations (3) and (5) which gives the same result as the previous case. Because of the subtractions involved, the skewness (µ 3 − 3µ 2 + 2)/σ 3 and the kurtosis (µ 4 − 4µ 3 + 6µ 2 − 3)/σ 4 is are very sensitive to the precision of the moments used to determine them. Accordingly, we computed them "directly" rather than by using the computed moments. In Table 2 we list their values as 0.350 and 3.027, respectively; these numbers should be viewed as ±0.001. In any case, all these values are lower, albeit marginally, than the corresponding values for the Wigner surmise for β = 4, so that the latter serves not just as an excellent approximation but also as an upper bound for these statistical properties of P [4] (s). s . This term was not included in DH because it made a negligible contribution [26] . Likewise, we find here that such a term affects the moments of P [4] (s) by at most 0.00001, negligible at the precision we consider. 26 Barbara Dietz, private communication.
